Abstract. Upper bounds are found for the characteristic function of a homogeneous polynomial ideal I; such estimates were previously known only for a radical ideal I. An analog of the first Bertini theorem for primary decompositions is formulated and proved. Also, a new representation for primary ideals and modules is introduced and used, which is convenient from an algorithmic point of view.
Introduction
Let k be a field with the characteristic exponent p. Let I ⊂ k[X 0 , . . . , X n ] = A be a homogeneous polynomial ideal, and let (A/I) m , m ≥ 0, be a homogeneous component of degree m of A/I (see below for more details). Our aim in this paper is to get upper bounds (1) and (5) for the characteristic function h(I, m) = dim k (A/I) m of the ideal I. Earlier, similar bounds have been known only for the case of radical ideals over a perfect ground field k; see [2, 6] and a short survey of these results below. Such upper bounds have important applications [2, 4, 5, 8, 11 ]. An inequality similar to (5) is obtained also for primary modules; see Theorem 4. The main tool for the proof of (5) is a version of the first Bertini theorem for primary decompositions; see Theorem 3. Besides that, in this paper we introduce (and use) a new representation for primary ideals and modules, which is convenient from an algorithmic point of view.
Important lower bounds for Hilbert functions can be found in the classical paper [10] and also in [9] . For other interesting lower bounds, see [4] , but we do not discuss them in this paper.
Let ass(I) be the set of all associated prime ideals of the ideal I (it is well known that they are homogeneous prime ideals), and let I = p∈ass(I) . Let e be the smallest integer such that ( p) e ⊂ I. By definition, we put e = e(I) = e( I) to be the exponent of I (actually it is the exponent of I and not necessarily the exponent of I in the sense generally accepted, but this definition is convenient for us and will not lead to ambiguity in this paper). The proof of this theorem involves the author's results from [4, 5] and inequality (2) , which is interesting by itself. Namely, for an ideal I, let assi(I) denote the subset of ass(I) consisting of all isolated associated prime ideals of I. Let f 1 , . . . , f s ∈ k[X 0 , . . . , X n ] be homogeneous polynomials such that f i ∈ k for every 1 ≤ i ≤ s. Put in P n (k). Inequality (2) with such restrictions was formulated in Subsection 2.4 of [8] actually without proof (in my opinion, in the proof suggested in [8] , there are inequalities of opposite directions in a chain, which gives nothing). This assertion is an essential part of [8] . In any case, [8] contains a very nice proof of the bounds for the Effective Nullstellensatz, and without using any duality. Thus, (2) and Lemma 1 are important for the Effective Nullstellensatz under this approach; cf. also [11] . In Lemma 2 we prove some additional interesting inequality, which gives more information (although we do not use it in this paper).
We need some definitions. For M = p ∈ ass(I), put s = s(p). Let U i = 0≤j≤n u i,j X j , 1 ≤ i ≤ n − s, be generic linear forms; i.e., the transcendency degree of the family u = {u i,j } 1≤i≤n−s, 0≤j≤n over the field k is (n − s)(n + 1). Denote by k(u) the field generated over k by all elements of the family u. We extend the ground field k to k(u). Let 0 ≤ w ≤ n − s − 1 be an integer. We denote by V w = Proj (A/(I(p) + (U 1 , . . . , U w )) the projective scheme over k(u) and by Γ(V w , O V w (ν)) the vector space of the global sections of the sheaf O V w (ν), ν ∈ Z; see [3] . By definition, for every 0 ≤ w ≤ n − s − 1 (if s = n, then w does not exist), we set
Lemma 3 and Theorem 4 imply that if s(p) < n, then
and hence, all ν w (A/I, p) and ν(A/I, p) are integers. From Theorem 3 we get the upper bounds (9) and (10) For all integers a and nonnegative integers b, we define the modified binomial coefficient by
Now we can present our second upper bound. Namely, for an arbitrary ideal I and all integers m,
There are even more general and detailed results related also to the finitely generated graded A-modules; see Theorem 3. Observe that in (5) the case of an arbitrary I is reduced to the case of a primary ideal, due to the existence of the embedding A/I → p∈ass(I) A/I(p). Obviously, the constant γ(I) may be arbitrary if M ∈ ass(I). It is of interest that ν(A/I, p) cannot be bounded from above by a function of d(I) and n for a p-primary ideal I with s(p) < n: this is seen from the following example.
Example 1.
Let n + 1 = 2s ≤ 2n − 2 and N ≥ 1 be integers, and let
. . , X n ] \ {0} be a multiplicatively closed set. Then I is a pprimary ideal of degree d(I) = 2 and with exponent e(I) = 2. Next, the elements So far, (5) has been known only for a radical ideal I over a perfect ground field k. Here the matter reduces to a prime ideal I. In this case γ(I) = 0 and all ν(A/I, p) are equal to 0 (these integers were even not introduced in [2, 6] ). Namely (see Theorem 1 in [2] ), first an inequality similar to (5) (with another factor (4m) n−s , m ≥ 1, in place of m+n−s n−s ) was proved for a homogeneous prime ideal I = p with s = s(p) over the field k of characteristic zero. The factor (4m) n−s from [2] is sufficient for most applications. The proof in [2] is rather intricate. However, we note that the case of prime ideals in the ring Z[X 0 , . . . , X n ] (or even more generally, in R[X 0 , . . . , X n ], where R is the ring of principal ideals) was also treated in [2] , and assertions related to integral coefficients were proved there. In what follows in this paper, we consider only coefficients from fields.
In [6] , the result of [2] was proved with the best possible factor (at least in the case where I is a prime ideal) m+n−s n−s and moreover, for an arbitrary characteristic. In [6] the ideal I was reduced geometrically over an arbitrary ground field k (and γ(I) = 0, ν(A/I, p) = 0). This is equivalent to the same result for a radical ideal I over a perfect ground field k. Again, the proof in [6] is not easy.
In a letter to the author of [6] , see the last section of [6] , J. Kollar noticed that a short proof of the result of [6] can be obtained as follows. One can consider the long exact cohomological sequence obtained from the short exact sequence of sheaves that corresponds to the generic hyperplane section, and reduce the problem to the case of dimension 1. Then the result is deduced from the Riemann-Roch theorem. Note that one more step can be performed in the last construction, which reduces everything to dimension 0 (although the resulting zero-dimensional variety is not necessarily irreducible) and avoids any reference to the Riemann-Roch theorem.
The same idea can be used with another functor; this leads to an estimate for the Hilbert function of the integral closure of a homogeneous ring for an irreducible projective algebraic variety (observe that this integral closure is not necessarily a homogeneous ring of a projective algebraic variety, because it may fail to be generated as a ring by its homogeneous component of degree 1). Namely, the following result is valid. 
Theorem 2. Let k be a perfect field, and let
In the paper [6] , inequality (6) was proved for B in place of B. Thus, Theorem 2 also refines the main result of [6] .
Let us return to inequality (5) . We also use the functor of global sections of a sheaf in the proof of this inequality. However, the idea suggested by J. Kollar is not sufficient to get the required upper bound (5) in the case of a primary ideal. Additionally, we need an analog of the first Bertini theorem previously known for irreducible algebraic varieties; see [12] . This analog is of interest by itself. We prove it in a rather general situation: for reductions of finitely generated graded A-modules by linear forms; see Theorem 4. In brief, for the case of one linear form, this result is as follows. Assume (here only for simplicity) that the field k is perfect and infinite. Let M be a graded finitely generated A-module, let Ass(M ) be the set of all associated prime ideals of M , let {0} = p∈Ass(M ) M (p) be an irredundant primary decomposition of {0} in M , let p ∈ Ass(M ) be a prime ideal with s = s(p) ≤ n − 2, and let L ∈ A be a linear form in general position.
and Q L is an M-primary ideal or Q L = A (this follows from the classical first Bertini theorem). Next, each P ∈ Ass(M/LM ) with s(P) = s + 1 ≤ n − 1 has the form P = p L for a uniquely determined p ∈ Ass(M ) with s(p) = s. Finally, there is an irredundant
. Theorem 4 is formulated over an arbitrary field and also gives information about the case of s = n − 1.
Of course, a p-primary ideal I can be given by a system of generators (which are homogeneous polynomials), and ν(A/I, p) can be estimated by a function of an upper bound d for the degrees of these generators. Below we suggest another natural representation of a primary ideal, which depends on d, on the exponent e of the ideal I ⊗ k k p −∞ , and on some integer δ to be introduced below. Only homogeneous polynomials of degree (e d δ) O(1) are used to give I. We get a smaller length of representation in comparison with that via a system of generators of I, because d is estimated from above by (e d δ) 
There exist homogeneous polynomials
, where E n+1 is the linear form described in §3; see (27) 
, and e j = η j 0 h
) has the basis e j ε, j ∈ J 1 , over the field K 0 . Notice that for the number of elements of J 1 we have
d, be a basis of W over K 0 , where all w i,j belong to K 0 . We may assume without loss of generality that all w i,j belong to A 0 (to ensure this, we multiply w i by the least common denominator of all w i,j in A 0 ) and that all w i,j are homogeneous. Thus,
Hence, δ depends on all the objects in the above description. However, in what follows we write δ = δ(I). This will not lead to ambiguity.
Let t be a transcendental element over k. To define δ for an arbitrary field, we extend k up to the perfect closure k(t)
If I is a primary ideal and s(I) ≤ n, then I is primary and s(I ) = s(I) ≤ n. Hence an integer δ(I ) is defined. Put δ = δ(I) = δ(I ). So, actually, δ(I) is not uniquely determined and depends on all the objects occurring in the construction of δ(I ).
If char(k) = p > 0, we put α to be the integer such that p α > e ≥ p α−1 . We shall consider two cases:
In Theorem 3 we shall prove that
if (8) is true. (10) Now we proceed to the details. We introduce a graduation on the ring A, by representing A = i≥0 A i , where A i is the set of homogeneous polynomials in A of degree i. Let k be the algebraic closure of the field k, and let P n (k) be an n-dimensional projective space over k with homogeneous coordinates X 0 , . . . , X n . For an ideal I ⊂ A, denote by Z(I) ∈ P n (k) the projective algebraic variety of all common zeros of the polynomials in I.
Let M be a finitely generated graded A-module. Then M = i∈Z M i = {0} is a direct sum of its homogeneous components M i , i ∈ Z, each M i is a finite-dimensional vector space over k, and there is an integer N such that M i = {0} for all i < N. The set of all homogeneous prime ideals of height n in Supp(M ) = {p ∈ Spec(A) :
In what follows, unless we state otherwise, the homomorphisms of graded modules are of degree 0.
The Hilbert function of the module
Let Ass(M ) be the set of all associated prime ideals of the module M (in Spec(A); they are homogeneous ideals), and let
be an irredundant primary decomposition of {0} ⊂ M . Here M (p) ⊂ M is a graded submodule of M , and M/M (p) is a p-primary module for every p ∈ Ass(M ). Hence, we have
p N the localization of N . Hence, A p is a local ring and (A/p) p is a field. We denote the latter field by
by Lemma 3 (see below), and
For a graded A-module M and an integer ν, we denote by M (ν) the graded A-module with shifted graduation. Namely, we can identify the homogeneous components M (ν) m = M ν+m for every m, and this identification induces an isomorphism of A-modules M (ν) M . This isomorphism is an isomorphism of degree ν of graded A-modules M (ν) and M .
Denote by X = P n k = Proj(A) the scheme of the projective space and by O X the sheaf corresponding to P n k ; see [3] . Let M be the sheaf corresponding to the module M ; see [3] . Then M is a sheaf of O X -modules. For every integer ν the sheaf M (ν) is defined. We can identify M (ν) ∼ = M (ν); see [3] . For every integer ν,
Then M γ is a graded A-module in a natural way; see [3] . The functor N → N γ is exact from the left; see [3] .
for every integer m. This follows from the exact sequence of the hyperplane section; see below. If there exists p ∈ Ass(M ) with ht(p) = n, then there is a monomomorphism (A/p)(ν) → M for some integer ν, and hence, by the exactness from the left of the functor N → N γ , the vector space M γ m is nonzero for every integer m. Therefore, in the case under consideration, the module M γ is not finitely generated. On the other hand, if ht(p) = n for every p ∈ Ass(M ), then M γ is a finitely generated A-module. This follows from Lemma 3 in §2, the existence of the embedding M → p∈Ass(M ) M/M (p), and again the exactness from the left of the functor N → N γ . Suppose p ∈ Ass(M ) and ht(p) = s ≤ n. Let the linear forms U 1 , . . . , U n−s , the family u, and the field k(u) be as in the definition of ν w (A/I, p); see above. We extend the ground field k to k(u). We denote by X k(u) the scheme of the projective space
The vector space of the global sections of the sheaf Q w (ν), ν ∈ Z, will be denoted by Γ(X k(u) , Q w (ν)) (see [3] ). By definition, for every 0 ≤ w ≤ n − s − 1 (if s = n, then w does not exist), we have 
I(p)
is an irredundant primary decomposition of I. Now we generalize the representation of primary ideals described above to the case of primary modules. Let M be a finitely generated p-primary module.
First, suppose that the field k is perfect and contains sufficiently many elements. The exponent e = e(M ) of the module M is the smallest integer such that p e M = {0}. Let the linear forms E 0 , E s+1 , . . . , E n , the ring A 0 , the field K 0 , and the multiplicatively closed set S 0 be as above. We define the module M as follows. Let B = 1≤i≤n 1 A(a i ) for some integers a i . We assume that for the module M there is an exact sequence of homomorphisms (of degree 0) of graded modules
It is a K 0 -vector subspace of the finite-dimensional vector space S In what follows we write δ = δ(M ); this will not lead to any ambiguity.
To define δ and e for an arbitrary field k, we extend k up to the field k = k(t)
is not uniquely determined and depends on all the objects in the construction of δ(M ). By definition, we put e = e(M ) = e(M ). One of our aims in this paper is to prove the following result. is the modified binomial coefficient defined by (4) . Moreover, if ht(p) = s < n, then 
In particular, if M = A/I for a homogeneous polynomial ideal I, then inequalities
In particular, if M = A/I, then (9) and ( Suppose the graded A-module M is as above and we have the primary decomposition (11) . By the first Bertini theorem (see [12] and also, e.g., the Appendix in [7] ; although the ground field k is arbitrary, everything reduces to the case of a perfect field k, and for the perfect field k the assertion formulated below follows immediately from the classical Bertini theorem), there is a nonempty Zariski open subset U 0 ⊂ A (n+1)v (k) with the following properties. For every (L 1 , . . . , L v ) ∈ U 0 (k) (this is the set of k-points of U 0 ; similar notation will be used also below; if the field k is infinite, then U 0 (k) = ∅) and every prime ideal p ∈ Ass(M ) of height ht(p), we have
is finite, and the m j , j ∈ J, are pairwise distinct ideals; (v) the radical r(m j ) = m j is prime; for every z ∈ m j the smallest integer a ≥ 0 such that z a ∈ m j has the form a = p b for an integer b ≥ 0; next, ht(m j ) = n; (vi) for all p, q ∈ Ass(M ) with p = q and ht(p) = ht(q), the condition implies
..,L v whenever v + ht(p) < n, and m j = m j for all j ∈ J whenever v + ht(p) = n.
In what follows we denote for brevity
, properties (i)-(vii) occur if and only if L ∈ U 0 (k); cf. [7] . But we do not need this fact. This follows from [12] and also, e.g., from the Appendix in [7] .
Remark 2. Let 0 ≤ s ≤ s(M ) ≤ n, and let
Consider an irredundant primary decomposition 
Next, there exists a primary decomposition (16) such that, for every
Estimation of the characteristic function of an ideal by using a result on local parameters
We need some notation. Let ε be a transcendental element over the field k. We can extend the ground field k up to k(ε).
we define s(P) = ht(P), where ht(P) is the height of P in A [ε] . Recall that for an ideal I we denote by assi(I) the set of all isolated associated prime ideals of I. 
Lemma 1. In the previous notation, assume that there are homogeneous polynomials
Then for every q ∈ assi(I) with s(q) = s we have Recall that I = ( f 1 , . . . , f s ). It is well known that in this case the set of zeros of each embedded associated prime ideal of I is contained in an irreducible component W of Consequently, q = q. We have Q ⊃ I + (ε). Therefore, q ⊃ ( I + (ε)) ∩ A = I and q ⊂ ε q ∩ A = q. Thus, q is an embedded associated prime ideal of I, a contradiction.
Proof. We check (19). We identify Z(q)
). Then we also have
Therefore, ε q ∈ ass( I (s) + (ε)) and
q is an isolated associated prime ideal of I + (ε). This proves (19). The last inequality in (20) follows by a straightforward computation from the remark at the end of the statement of Lemma 3 (alternatively, here we may assume without loss of generality that the ground field k is perfect and observe that then the ideal (g 1 , . . . , g s ) is prime in general position for s < n; hence, the inequality in question follows from [6] for s < n and from the Bézout theorem for s = n). The first and the third inequalities in (20) are obvious. It remains to prove that h(
By (19), we have an epimorphism A[ε]/( I
The required inequality is proved.
Although the next lemma will not be used in the present paper, it gives some additional information.
Lemma 2. Under the conditions of Lemma
where, by definition, the rank in the last term is the rank of any maximal free submodule of the finitely generated
The lemma is proved.
Proof of Theorem 1. We extend the ground field k up to the field k , see the Introduction, and replace I by I ⊗ k k . Then the ideal I ⊗ k k is primary and h(I, m) = h(I ⊗ k k , m) for every m. This allows us to assume without loss of generality that in what follows the field k is perfect and infinite. By [4, 5] , there are homogeneous polynomials
We have
On the other hand, by Lemma 1 we have 
and we have isomorphisms of graded A-modules M
Proof. Replacing M by M/M (p), we may assume without loss of generality that M (p) = {0}, i.e., M is p-primary. Let a ⊂ A be a homogeneous ideal such that a ⊃ p or a = A. Suppose M = {0}. It suffices to prove that there is an epimorphism of graded modules M → (a/p)(µ) for such a and an integer µ. Let S = A \ p be the multiplicatively closed set. Consider the homomorphism M
There is no loss of generality in assuming that each nonzero homogeneous component of s does not belong to p. Let z and s be the nonzero homogeneous components of the smallest degrees of z and s, respectively. Then, obviously, s z ∈ pM , i.e., z ∈ M . This implies the required assertion. Therefore, the module M is also graded. We have Ass(M ) = {p} because {0} = M ⊂ S −1 (M/pM ). Also, pM = {0}. So, replacing M by M , we may assume without loss of generality that pM = {0}, i.e., M is an A/p-module.
We shall use induction on ν = dim For a finitely generated graded A-module M as above, we put 
Proof. Let L ∈ U(ι, v − 1) (recall that this set is defined inductively). Then we have the 
This can be proved, e.g., by considering U -resultants. Thus, now we can define the set U(ι, v). The lemma is proved.
Consider the sequence (21). For every 1 ≤ i ≤ ν, we choose a monomorphism of graded modules
Thus, here the integers µ i , µ i , ν depend on p ∈ Ass(M ) \ {M} and the sequences (21) chosen in Lemma 3. Note that for every L ∈ U 0 (k) we have isomorphisms of graded modules (( 
and (23) induces monomorphisms We have the isomorphisms
and for the degree we have
Proof of Theorem 4. Consider the embedding 
Hence, M γ = M ργ in the notation of the Introduction. The natural homomorphism M ρ → M γ is a monomorphism. In particular, if M is a p-primary module with M = p, then we have the natural embedding M → M γ .
Proof of Theorem 3. Let K ⊃ k be a separable extension such that K is a perfect field with transcendency degree over k at least 2(n − s + 1)(n + 1). We extend the ground field k up to K, and change the notation: denote k, K, M , and M ⊗ k K by k , k, M , and M , respectively. Obviously, it suffices to prove the theorem for the new module M over the new ground field k. Now, in particular, the field k is perfect infinite of transcendency degree over k at least 2(n − s + 1)(n + 1), and M M ⊗ k k, i.e., M is defined over the field k . We define the objects A, A 0 , S 0 , K 0 as before, for the new ground field k (so that here we also change the notation).
We prove (i). We have the embedding (26). Hence, the inequality 
. This is possible because the field k is infinite and all the sets U 2 (M, i) are nonempty and open in the Zariski topology. Moreover, as E 0 , E s+1 , . . . , E n we can take generic linear forms in X 0 , . . . , X n over k , and after that L 1 , . . . , L n−s+1 can be taken to be generic linear forms in E 0 , E s+1 , . . . , E n over k . Hence in this case L 1 , . . . , L n−s are generic linear forms in X 0 , . . . , X n ; i.e., the transcendency degree of the field generated by the coefficients of L 1 , . . . , L n−s+1 over k is (n − s + 1)(n + 1).
For brevity, we denote
Let w be an integer, and let 0 ≤ i ≤ n − s − 1. Consider the exact sequence
It induces the exact sequence 
